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ABSTRACT

In this paper we present a novel error correcting arith-
metic co/decoder, based on forbidden symbol detec-
tion and maximum a posteriori estimation. The error
correction goal is obtained by means of a sub-optimal
metric-first search technique that exhibits attractive
performance in terms of error recovery and decoding
complexity. The proposed technique is able to com-
press the input data and at the same time to provide
error correction. In the present work error correct-
ing arithmetic codes are applied to the case of com-
pression and transmission of H.264 motion vectors
and the performance is compared with a concatenated
scheme based on standard arithmetic coding and for-
ward error correction codes.

1. INTRODUCTION

Reliable multimedia communications over wireless
links represent one of the most important targets for
both the industrial and the academic community, in-
volved in the development of future personal mobile
communication systems. For this reason emerging
standards for data compression, such as JPEG 2000
[1] for still images and H.264 [2] for video sequences,
aim at improving not only the performance in terms
of quality at a certain bit rate but also the error re-
silience and network adaptation capabilities of the
compressed stream.

In this paper a novel error correcting entropy cod-
ing technique, based on arithmetic coding (AC), is
presented. Both the compression standards, mentioned
above, comprise an AC stage, as the last coding step;
in fact AC is progressively substituting traditional Huff-
man codes because of its superior performance. On
the contrary AC is very sensitive to transmission er-
ror and even a single flipped bit in the received com-

pressed stream can cause irreversible error propaga-
tion throughout the decoded sequence. As a conse-
quence a great interest in the development of error
resilience tools for AC has arisen.

In [3] Boyd et al. proposed an effective tech-
nique for embedding error detection capability into
AC, based on the introduction of a forbidden sym-
bol in the coding alphabet. The forbidden symbol al-
lows one to adjust the amount of coding redundancy
to be embedded in the coded stream, at the expenses
of compression efficiency; on the other hand it per-
mits error detection at the decoder side. The same er-
ror detection technique is applied to the case of image
transmission in [4] and further studied in [5], where
the concept of continuous error detection is introduced.
In [6, 7] the coding redundancy is employed for error
correction in the case of image transmission.

In this paper we improve the error correction ca-
pability of the novel maximum a posteriori (MAP)
estimator for AC, proposed by Grangetto and Cos-
man in [8], and present results in the case of H.264
motion vectors (MV) compression and transmission
across AWGN channel, which occurs e.g. in the case
of data partitioning and prioritized transmission. The
obtained results suggest that the proposed technique
could be a viable solution in order to provide the en-
tropy coder with error correction capability, competi-
tive with standard forward error correction approaches.

2. MAP ESTIMATION OF ARITHMETIC
CODES

2.1. AC with a forbidden symbol

As already mentioned, AC represents the last coding
stage of the two emerging standard JPEG 2000 and
H.264. In the first case the MQ coder is used, in the
latter one CABAC codec [9] is adopted; these are bi-



nary, adaptive and context-based arithmetic coders.
In the following we are going to develop an error re-
silient entropy coder, based on a simple binary and
non adaptive AC. Nevertheless, it is worth pointing
out that the proposed approach is general and its in-
troduction in more sophisticated codec will be part of
our future developments.

Binary and non adaptive AC is based on a mem-
oryless source model, defined by the probability of
“0”, ��, and the probability of “1”, ��. We consider
the encoding of a fixed length binary string �� of �
bits, that will be consequently mapped onto a vari-
able length sequence �� of � bits. AC allows one
to use a number of bits close to the source entropy
� � �� , where � � �

�
�

��� �� �������. Both en-
coding and decoding are iterative tasks. The decod-
ing iterations are very sensitive to bit errors and the
resynchronization is far less likely than in Huffman
decoding case [4]. A simple mean to obtain error re-
silience, proposed in [3], is provided by the introduc-
tion of a forbidden symbol �, which is never encoded
and whose probability is fixed to an arbitrary value
�� � �. The encoding task is thus performed on
the base of the ternary alphabet “0”, “1” and � with
probability ���� � ��, ���� � �� and � respectively.
The introduction of � clearly forces a modification
of the source model, that becomes less precise as �
increases. This corresponds to an amount of coding
redundancy per encoded bit �� � � ����� � �� [4],
that is forced in the encoded binary sequences at ex-
penses of compression efficiency. At the decoder side
the presence of � allows for error detection; if it is
decoded, this means that transmission errors have oc-
curred. In [4], it is shown that the probability that the
number of erroneously decoded bits before � is de-
tected is greater than � is ��� ���. Therefore, a large
value of � assures fast error detection, but it greatly
reduces the compression efficiency. On the contrary,
a small value of � does not impact compression effi-
ciency but there will be a large error detection delay.

2.2. Metric-first MAP estimation

The coding redundancy associated with the forbidden
symbol can be exploited by the decoder for error cor-
rection. This task can be recognized as a Joint Source
and Channel Coding (JSCC) approach, where the re-
dundancy at source level can be used as a form of
channel protection against transmission errors. Let
us consider that the coded binary string �� is trans-
mitted and the receiver observes the bit sequence � of
length � , through the channel with transition proba-

bility � ��	���. The objective of the MAP decoder is
to pick up the most probable input sting ��,

���� ��� � ��	�� � � ���	�� �
 �� � (1)

Therefore the estimation is based on the following de-
coding metric,

� ���	�� �
� ��	���� ����

� ���
�
� ��	���� ����

� ���
(2)

where � ���� represents the a priori source term. In
the MAP metric, along with the channel transition
probability, it is worth noticing the term � ���, which
represents the probability of observing a certain se-
quence at the receiver. Given the received � bits bi-
nary string �, we have � ��� �

�
����

���	��������
, where �� identifies the subset of the coded se-
quences whose length is equal to � ; since the eval-
uation of this term is as complex as the decoding
metric (2), it can be approximated by 	�� , assum-
ing that all the received sequences of equal length are
equally likely. This approximation does not hold for
any variable length code, but still provides satisfac-
tory results, as demonstrated in [8].

The MAP estimator is implemented by means of
a suboptimal sequential decoder known as Stack Al-
gorithm (SA). In principle, the metric (2) must be
evaluated for all the possible transmitted string �� �
�� , whose length is compatible with the received
sequence. This is practically unfeasible for reason-
able values of the input sequence length �, and there-
fore suboptimal SA is employed. The decoding met-
ric, in logarithmic form, is decomposed into additive
terms per received bit, and the problem is recast as a
search along a binary tree, representing all the binary
sequences of length � . The SA is a metric-first tech-
nique, which greedily extends the tree branch with
the best accumulated metric. During the tree explo-
ration, those paths which do not correspond to valid
encoded strings are pruned with a certain probabil-
ity upon detection of � by the arithmetic decoder.
The algorithm sub-optimality stems from the limited
memory � , which represents the maximum number
of paths stored for future visit. SA exhibits good per-
formance and reasonable complexity as reported in
[8], where it was compared with another sequential
approach.

SA allows sequential decoding, since after a cer-
tain delay the explored path roots tend to merge in
a single one, permitting partial decoding of the ini-
tial bits. Finally the correcting capability is deeply
affected by the termination rule, adopted in order to



stop the search and claim that the correct decisions
have been taken. The termination strategy used in
this paper will be discussed in the following section.

3. PROPOSED CODING SYSTEM

The block diagram of the proposed JSCC system is
reported in Fig. 1. The H.264 MV horizontal and ver-
tical components, represented on 8 bits, undergo a bi-
narization stage which aims at creating an unbalanced
binary stream (�� � 

�) for subsequent non adap-
tive binary AC. 8 bits binary symbols with the least
possible number of “1” are used to represent compo-
nents according to their magnitude, in such a way that
the most probable values are mapped on binary words
with few “1”. The employed binary mapping is ex-
emplified in Tab. 1, in the case of 4 bits MV compo-
nents. This kind of binarization is arbitrary; it is evi-
dent that a better one could be designed, but this pa-
per peculiarity resides in AC error correction capabil-
ity, despite of possible improvements from the point
of view of compression efficiency. During the bina-
rization the value of ��, that is statically employed by
the following AC, is evaluated as well.

The obtained 8 bits symbols are organized into
fixed length packets, independently encoded by AC
with forbidden symbol, based on the memoryless source
model ��������� �������� �
. In our implementation
512 MV components are placed into each packet, so
as to form input sequences �� with length � � �
��
bits. The packet is further terminated with an End of
Packet (EOP) symbol with probability ���� � �;
this task is performed by switching to the termina-
tion source model ����� � ��� �� ���� � ��
. The
added redundancy due to EOP symbol is ���� �
� ������	�. Each packet is thus encoded onto a vari-
able length sequence ��. The encoded packet length
is transmitted as side information to the receiver. As-
suming to protect with a coding rate �	 � �	� this
vital side information, we have a rate overhead �
 �
��	� � 



��. The value of ��, � and � must be
sent to the decoder as well, but since their are kept
fixed for all the encoded packets the subsequent rate
overhead is negligible. The overall compression ratio
can be expressed as � � � ��� ����� ��
 .

The encoded packets are then transmitted across
the AWGN channel with signal to noise ratio ��	��,
assuming 2-PSK signalling and hard demodulation.
We can thus consider the equivalent binary symmet-

ric channel with transition probability � � �

�
erfc

��
��

��

�
.

The received packet � is finally processed by the MAP

Table 1. MVs binarization (4 bits example).
MV �� MV ��

0 0000 -4 0110
1 0001 5 1010
-1 0010 -5 1100
2 0100 6 0111
-2 1000 -6 1011
3 0011 7 1101
-3 0101 -7 1110
4 1001 8 1111

estimator, based on metric (2) and SA, that attempts
error recovery. The additive metric (2) is sequentially
evaluated; � ��	��� is computed by comparing the
received sequence versus the candidate �� , the a pri-
ori source term is accumulated through partial arith-
metic decoding, while the denominator is approxi-
mated as discussed above.

The decoder termination rules are as follows: SA
terminates the search when the best visited path in the
tree corresponds to an input sequence ��, which con-
sumes all the received packet bits and ends with the
EOP symbol. The role of the termination is crucial
in order to allow correct decoding of the final part
of the packet; the effect is similar to the termination
effect on standard convolutional codes. During the
search, paths can be dropped if the candidate can not
be decoded with the correct number of bits � or if the
EOP is not revealed; moreover paths are rejected in
the case of � symbol detection. The proposed MAP
estimator can fail decoding in the case all the � paths
in storage get dropped on the basis of the previous
conditions. The proposed dropping rules aim at lim-
iting the search to the subset �� ; a large value of
� guarantees quick error detection and thus circum-
scribes the algorithm exploration to a close vicinity
of �� , improving performance in term of both error
correction and decoding time.

The SA greedy search tends to move as quickly
as possible towards the best candidate, according to
the defined metric; the random walk followed by the
algorithm, and hence the decoding time, are affected
by all the terms involved in metric (2), namely the
value of �� and the channel transition probability �;
this latter point will be further clarified in the follow-
ing section by means of experimental results.
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Figure 1. System block diagram.

4. SIMULATION RESULTS

Simulations have been run on the MVs obtained by
means of the H.264 encoder (JM 2 codec, ver. 2.1)
on the Foreman sequence with a temporal resolution
of 15 and 30 fps respectively.

The proposed MAP decoding scheme has been
tested in the following conditions: packets of length
� � �
�� bits are considered and the SA algorithm
with a memory of � � 	
�� is employed. The value
of � is selected as a compromise between perfor-
mance and computational complexity. The EOP sym-
bol probability is � � �
��, corresponding to a rate
overhead ���� � 



�. The characteristic of the
encoded data are summarized in Tab. 2, where the
number of obtained MVs, the value of �� after the
binarization stage and the overall compression ratio
�, in the case � � 
, are reported. It is evident that
the sequence at 15 fps is characterized by larger mag-
nitude MV components and, as a consequence, it is
slightly less compressible.

The JSCC scheme presented in this paper has been
compared with a traditional separated approach, based
on Rate Compatible Punctured Convolutional (RCPC)
codes. In this case each packet undergoes binary AC
without forbidden symbol, still terminated by EOP in
order to recognize decoding failure. The packet is
then protected against transmission errors by means
of RCPC codes, reported in [10], with memory 6 and
non punctured rates �	�, so as to obtain the same rate
as the the proposed AC.

In Fig. 2 the packet error rate (PER) as a function
of the signal to noise ratio ��	�� over the channel,
obtained with our MAP estimator (star markers) and
traditional RCPC based scheme (triangle) on Fore-

man at 30 fps, are reported. The values of ��	�� are
in the range from 4.3 dB to 6.8 dB, corresponding to a
transition probability on the channel from � � �
��

to � � �
��. In Fig. 2 we set � � 


�� and a
RCPC coding rate �	 � �	�, both yielding a com-
pression ratio � � 

��. It is worth noticing that,
in the simulated conditions, the proposed JSCC de-
coder achieves a considerable coding gain of more
than 0.5 dB over the separated approach. In Fig. 3
similar results are obtained in the case � � 

��
when � � 


�� and �	 � �	� respectively. The
results presented above clearly underline the advan-
tage of the JSCC over a traditional separated scheme;
besides its superior performance in presence of MAP
decoding, the proposed scheme presents a high de-
gree of flexibility. First of all the coding rate is a
simple function of � and it is not limited to a finite
set of puncturing rates as in the RCPC case. More-
over, the coding engine can be designed adaptively,
where both the source model and the added redun-
dancy can be adjusted according to the statistic of
the data and the required level of error protection re-
spectively. Finally, a decoder with reduced compu-
tational complexity can be designed, which gives up
error correction and simply detects transmission error
by means of the forbidden symbol.

In Tab. 3 and 4 we report results in terms of
PER, along with the average frame decoding time
(T) in ms, obtained on a Pentium IV with 512MB
RAM. The channel transition probability is fixed to
� � �
��, and different values of coding rate are in-
vestigated; results in Tab. 3 are worked out on Fore-
man MVs at 15 fps, while those in Tab. 4 are obtained
with the same video sequence at 30 fps.

It is worth pointing out that the MAP scheme ex-



hibits a gain of at least one order of magnitude in
terms of PER in all simulated cases. It can be noticed
that its performance depends on the input data statis-
tics as well; in fact both the compression efficiency
and the PER performance are improved in the case of
the 30 fps sequence. In this latter condition the re-
duced magnitude of MVs yields a higher value of ��,
that affects both source and channel coding: from one
hand the coding rate can be reduced, given a certain
value of coding redundancy; from the other hand the
MAP estimation task is easied by the more accurate a
priori knowledge, because of the reduced number of
the most likely input sequences. On the contrary the
RCPC performance is dominated only by the correc-
tion capacity at each coding rate and PER results in
Tab. 3 and 4 are the same.

Another crucial point is represented by the SA
computational complexity. It was previously stated
that the algorithm complexity depends on the metric
(2) and in particular the decoding time is affected by
both the value of �� and �, characterizing the source
and the channel statistics respectively. On top of that
the decoding task is affected by the value of coding
redundancy �; in fact a large value of � guarantees fast
error detection and allows quick pruning of erroneous
paths in the tree, speeding up the random search per-
formed by SA. This dependency on the value of �
is clearly noticeable in the first two rows of Tab. 3
and 4, where the average decoding time exhibits a
reduction by an order of magnitude switching from
� � 


�� to � � 


��. By comparing the two
tables, it is worth noticing the effect of the source
statistics as well; a slight increase of 0.01 in the value
of �� is able to reduce � by almost a factor 2. In
Tab. 4 the best performance is obtained decoding
MVs at 30 fps in the case � � 


�� where the av-
erage decoding time is as low as 27 ms; this result
is really surprising if compared with the cost of stan-
dard binary arithmetic decoding that would take 14
ms. For sake of comparison, the average decoding
time of the RCPC scheme is also reported, and it is
about 70 ms. Finally, MAP decoding delay is affected
by the channel state as well; in the worst simulated
case (� � �
��) the JSCC becomes quite prohibitive
in terms of computational complexity, taking tens of
seconds per packet.

To summarize, the proposed MAP technique ex-
hibits an excellent performance in terms of error re-
silience and decoding complexity. The JSCC approach
exhibits attractive performance especially in the case
of highly compressed data with limited redundancy

Table 2. Foreman MVs characteristics at 15 and 30
fps respectively; number of available MVs, value of
�� and achieved compression rate in absence of the
forbidden symbol.

Frame rate MVs �� �

15 170249 0.92 0.41
30 179519 0.93 0.38
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Figure 2. Packet Error Rate (PER) obtained by MAP
estimator (star markers) and RCPC scheme on Fore-
man at 30 fps; compression ratio � � 

��.

for error correction purpose.

5. CONCLUSIONS

A JSCC technique in order to embody error correc-
tion capability into AC has been proposed. The im-
plemented decoder, based on a MAP metric and se-
quential decoding, exhibits excellent performance in
terms of packet recovery and its computational com-
plexity turned out to be very attractive. Moreover the

Table 3. Packet Error Rate (PER) and average packet
decoding time (T) for Foreman sequence at 15 fps, in
the case � � �
��.

alg. � R PER � (ms)
MAP �
� �
�� 0.46 �
� �
�� 360
MAP �
� �
�� 0.5 �
� �
�� 40
RCPC n.d. 0.46 �
� �
�� 70
RCPC n.d. 0.50 �
� �
�� 72
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Figure 3. Packet Error Rate (PER) obtained by MAP
estimator (star markers) and RCPC scheme on Fore-
man at 30 fps; compression ratio � � 

��.

Table 4. Packet Error Rate (PER) and average packet
decoding time (T) for Foreman sequence at 30 fps, in
the case � � �
��.

alg. � R PER � (ms)
MAP �
� �
�� 0.43 	
	 �
�� 200
MAP �
� �
�� 0.47 � �
�� 27
RCPC n.d. 0.43 �
� �
�� 70
RCPC n.d. 0.47 �
� �
�� 72

proposed algorithm presents an high degree of flex-
ibility, being rate compatible and open to future de-
velopments such as joint source and channel adaptive
arithmetic coding.
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