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ABSTRACT frequency-resolution of the BEM FIR. This allows for an almost
perfect fit of the BEM FIR to the true doubly-selective channel,
without losing the interesting features of the BEM FIR.

Notation: We use upper (lower) bold face letters to denote ma-
rices (column vectors). Superscrigts’, and’! represent conju-
gate, transpose, and Hermitian, respectively. Wexugedenote
the convolution operation. We denote the Dirac deltayfy and
the Kronecker delta by[n]. We write theN x N identity matrix
asIy and theM x N all-zero matrix a®) s x n. Finally, diagx}
represents the diagonal matrix wit¢hon the diagonal.

In this paper, we propose a serial equalizer for doubly-selective
channels. We use a Basis Expansion Model (BEM) Finite Impulse
Response (FIR) to model the doubly-selective channel and to de-t
sign the serial equalizer. In contrast to our previous works, we
decrease the modeling error of the BEM FIR by fitting the BEM
FIR to the true doubly-selective channel over a time-window that
is independent of the frequency-resolution of the BEM FIR. We
discuss the Serial Linear Equalizer (SLE) as well as the Serial De-
cision Feedback Equalizer (SDFE).

1. INTRODUCTION 2. CHANNEL MODEL

Th d for hiah d d hiah mobility in irel We consider a baseband description of a wireless system with 1
e need for hig ata r_ates dan '(;3 rt?IO "tly In utu_re wwe(;e?s transmit andM receive antennas. For theth receive antenna,
communication systems introduces doubly-selective (time- an "®the symbol sequenceln] is filtered by the transmit filteg, (t),

qguency-selective) channel effects. To combat these effectal-equ . . D
izers are needed. In this paper, we propose a serial equalizatiorﬁj'swrte(j by the physical chanrﬁ[q" (t;7), corrupted by the ad-

approach for doubly-selective channels. We use a Basis Expansiorflitive noiseo™ (¢), and finally filtered by the receive filtgfec(t).

Model (BEM) Finite Impulse Response (FIR) to model the doubly- The received signal at theth receive antenng(™ (t) can then be

selective channel and to design the serial equalizer. This allowsWritten as

us to turn a high-complexity Time-Varying (TV) 1-dimensional .

decor_wolution proplem i_nto an equivalen_t low-complexity Time- Y™ (t) = Z g™ (¢t — nT)z[n] + 0™ (1),

InVariant (TIV) 2-dimensional deconvolution problem, containing

only the BEM FIR parameters of both the doubly-selective chan-

nel and the serial equalizer. In the past a TIV FIR serial equalizer whereT is the symbol periodp('m)(t) — grec(t)*’l}(m)(t), and [5,

has been employed to equalize a BEM FIR channel, but this re-ch, 1]

quires many (symbol-rate sampled) receive antennas for the linear

zero-forcing solution to exist [11]. However, when a BEM FIR )., . [~ [~ (m) .

serial equalizer is used to equalize a BEM FIR channel, only two 7 (&)= [m /700 Grec()gr(7 = 0 = 5)gen " (t = 53 0) .

(symbol-rate sampled) receive antennas are required for the linear (1)

zero-forcing solution to exist [9, 2]. Sampling each receive antenna at symbol rate, the received se-
In contrast to our previous works [9, 2, 1], where the modeling quence at thenth receive antenng™ [n] := y(™) (nT’) can be

error of the BEM FIR causes a BER performance saturation at written as

high SNR, we introduce a novel approach that eliminates this BER o

floor. The basic idea is that we fit the BEM FIR to the true doubly- (m)r, 1. m)r . _ (m)

selective channel over a time-window that is independent of the vl Z g Insvlan—vi+w™ ], (2

n=-—oo

V=—00
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Fig. 1. Serial linear equalization.

wherer{™ is the delay of theth cluster related to thexth receive BEM FIR, 1/(KT). This allows for an almost perfect fit of the
antenna, and}'g'rl) andfC(T> are respective|y the Comp|ex gain and BEM FIR to the true doubly-selective channel. Note that when

frequency offset of theth ray of thecth cluster related to theith NT is smaller thanl /(2 fmax), @ good fit can even be obtained
receive antenna. with Q = 2.

Assuming the time-variation of the physical charg{ér) (t;7) To conclude, we have obtained a practical channel model for
over the span of the receive filter(t) is negligible, we can re- doubly-selective channels that is well-structured and contains a
placegc(,:”)(t — 5;0) by gégn)(t; 9) in (1), leading to small number of parameters.

The BEM FIR input-output relation fas € {0,1,..., N—1}
0 oo m can be written as
g(m)(t;r) = / (/ grec(8)gu(T — 6 — s)ds) géh )(t; 0)de

L Q/2
oo (m) (m) j2mqn/K (m)
= [ st oo S S A e ™. @
_ =0 ¢g=—-Q/2
- 7MY $7 gl 2t
21/1 Z 3. SYSTEM MODEL
wherey(t) := grec(t) * g (t). This means thag™ [n; ] can be In this section, we try to rewrite (6) on a block level, which will
expressed as turn out to be useful at a later stage. Definingthe+ L) x 1 data
symbol blockx := [z[—L],...,z[N — 1]|7, the N x 1 received
9" s v) = g™ (nT;0T) sample block at thenth receive antenng™ := [y™)[0], ...,
_ Z BT — (™) Z Glme 20T g y"™ [N —1]]T can be written as
y(m) — "™ + W(m)7 (7)

The above channel model has a rather complex structure, which
complicates, if not prevents, the development of a low-complexity wherew (™ is similarly defined ag/™, andH™ is the N x
equalization structure that blends well with the channel structure. (N 4+ L) matrix given by
Moreover, the above channel model contains a large number of pa-

rameters, which causes a major problem when trying to estimate L Q2

i H™ = ™D, Z ®)
the channel. Hence, we try to develop a channel model that is well- .l ls
structured and contains a small number of parameters. Therefore, 1=0 g=—Q/2

we will look at a limited time windowt € [0, NT'), which corre- ' '
sponds ton € {0,1,..., N — 1}. Assumingg™ (t;7) = 0 for whereD, := diag{[1,e/*"/¥ ... 72T N "D/K]T} andZ, .=
7 ¢ [0,(L + 1)T), each channg)™ [n; v] can be modeled for  [Onx(z—); In, Onxi]. Substituting (8) in (7), we can write

n € {0,1,...,N — 1} by a so-called BEM FIR:

L Q/2
Q/2 y™ = Z Z hfz’jZ)Dqux—F wim. 9)
R [n; ] = Za v—1] Z N () 1=0 g=—Q/2
-Q/2
Definingy := [y@7,...,y®™~DT]T we finally obtain

where@ and K should be selected such thR@{ (2KT) =~ fmax,
with fmax the overall Doppler spread of alll channels: y = Hx + w, (20)
fmax == max{\f‘m)|}. wherew is similarly defined ay, andH is the MN x (N +

L) matrix given byH := [HOT . H®M-UT|T  Note that
The big difference between this BEM FIR and the BEM FIR that throughout this paper, we will assume perfect knowledgH ofn
we used in our previous works [9, 2, 1] is that now the time- practice, the BEM FIR coefficients have to be estimated. This can
window, NT, is independent of the frequency-resolution of the be done blindly [6, 10] or by training [12].



Q/244(m) —Q/2qy(m)
Q ’HQ/2 Q ’)'-LQ/2 0
H™ = .
Q/244(m) —Q/2q4(m)
0 Q ’HQ/2 Q ’I-LQ/2

Based on (10), we can apply block equalization to recever

from y. However, the complexity of such an approach depends [f(m>

on the block sizeV, which can often be very large. In this pa-
per, we will therefore focus on serial equalization, for which the
complexity is basically independent of the block si¥eWe focus

on a non-precoded transmission, i.e., we assume that all entries of

x contain raw data symbols. However, we will not estimate the
edges ot and only estimate the middle partof{denoted ax,).

The edges are either estimated in a previous step (top entrigs of
or will be estimated in a next step (bottom entriex®f We will

distinguish between serial linear equalization and serial decision

feedback equalization.

4. SERIAL LINEAR EQUALIZATION

We adopt a Serial Linear Equalizer (SLE), consisting of a serial

filter (™ [n; 1] for the mth receive antenna, in order to find an
estimate ofc[n — d] (see Figure 1):

M—-1 oo

Zn—d] = Z Z f(m) [n;ll]y(m)[n -,

m=0 v=—o0

whered represents the synchronization delay. Since for the chan-

nel, the BEM FIR of (5) was applied, it is also convenient to use
a BEM FIR for the serial filterf ™ [n; v]. In other words, we de-
sign each serial filtef ™ [n; v] to haveL’ + 1 TV taps, where the
time-variation of each tap is modeled Y + 1 complex exponen-
tials:

L /2
f(nL) [Tl, V] — Z 6[1/ _ l,} Z e]?ﬂq 'L/Kf;/ny/
1'=0 '=-Q'/2

An estimate ofc[n — d] is then computed as

M-1 L’ Q'/2

DN

m=01'=0¢'=—Q’ /2

€j27rq/n/Kf(m)y(m) [n—l']. (11)

q’ U

4.1. Block Representation

Let us rewrite (11) on a block level. Defining théh frequency-
shifted and’th time-shifted received sequence related torthth
receive antenna as

m 1,7 m
yq/,l/ = Dq’Zl’y( )7
whereD, := diag{[1,e/2"0/K . ¢2raN-L'=1/K|T} gang
Z, = [O(N—L’)X(L'—l')7IN—L'70(N—L’)><I’]! and introducing

% = [z[L/ —d],...,x[N —d—1]7,

an estimate ok, is obtained as

M-—1
— Z f(m)TY'(m)7

m=0

T
X

(12)

wheref (™ is the(L’ + 1)(Q’ + 1) x 1 vector given byf(™ :=

(m) m)

o foraor s I ol s and Y™ is the (L' +
1)(Q +1) x (N — L') matrix given byY "™ = [y, ..,
(m) (m) T
YQ//nga S 7y7Q//270} .

Let us now expres¥ (™ as a function of the BEM FIR chan-
nel parameters and the data symbols. Using the progem, =
eI?2ma(L' =1 /KDy 7, the ¢'th frequency-shifted andith time-
shifted received sequence related to thth receive antenna can
be written as

qul’ = f)q/Zl,y<m)

L Q . ’ ’

=30 R =OIKD B2, Zpx + wT)
1=0 q=0
L Q . ’ ’

= Z Z 6]27-rq(L - >/Kht(;7;)Dq+q’Zl+l/X + Wf;?l)”
=0 g=0

where w()"), is similarly defined asy(’) and Zp :=

[O(v—r/yx(L+L'—k), IN—L7, O(N—L/)xk]_- |n~tr0dUCingk =140
andp := q + ¢’, and definingx, . := D,Zx (note thatx,
Xo,4), We can also write this as

(m) _
yq/,l/ =

L+L'

(R+Q")/2
Z 2 (p—a ) (L' =V)/ K  (m)

(m)
p—q',k—l’xp’k + wq/Jl .

k=0 p=—(Q+Q")/2

Then, definingX = [XQ/2+Q’/2,L+L” c s XQ/24Q1 /2,00 - -+ s
X_q/2-0'/2,0)%, Y™ can be expressed as

Y — qmMx 4 W(m),
whereW (™) is similarly defined a& (™ and (™ is the(Q’ +
DL +1) x (Q+ Q + 1)(L + L + 1) matrix given at the

top of this page, with (™ the (L’ + 1) x (L + L’ + 1) Toeplitz
matrix given by

W o
’H,(Im) = ,
0 hy his
and Q := diag{[1,e’>"/ % ... &>"'/K]T} DefiningY :=
[YOT  y®M=-DTT e then obtain
Y = HX W, (13)

whereW is similarly defined a&” andH is the M (Q’ + 1)(L' +
1) % (Q+Q'+1)(L+L'+1) matrix given byH := [HO7T ...,
HM-DT)T Hence, (12) can be rewritten as

M-—1
X0 =Y fITY = fTY = fTHX +£TW,  (14)
m=0
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Fig. 2. Serial decision feedback equalization.

wheref is the M (L' + 1)(Q" + 1) x 1 vector given byf :=
[f(O)T’ o f(]\/[—l)T}T.

4.2. Equalizer Design

Let us focus on the Minimum Mean-Square Error (MMSE) SLE,

which minimizes the MSE/ = E{||x.—%.||*}. Defining the data
and noise covariance matricesBs := E{XX"”} andRy =
E{WW}, respectively, the MSE can be expressed as

J =T (HRxH" +Rw)f* —2R{e" RxH" "} +e"Rxe",

wheree is the(Q+ Q' +1)(L+ L'+ 1) x 1 unit vector witha 1 in
position(Q + Q") (L + L' +1)/2+d+ 1. SolvingdJ /of = 0
we obtain

farmse = eTRX'HH(HRX'HH + Rw)f1

=e"(H"Ryy'H +RY) T"HI Ry, (15)

where the second equality is obtained by using the matrix inversion

lemma.

whered again represents the synchronization delay apd is
obtained after taking a decision diin]. Since for the channel,
the BEM FIR of (5) was applied, it is also convenient to use a
BEM FIR for the serial feedforward filtef "™ [n; ] and the se-
rial feedback filte[n; v]. In other words, we design each serial
feedforward filterf ™ [n; v] to haveL’ + 1 TV taps, where the
time-variation of each tap is modeled @/ + 1 complex expo-
nentials:

Q'/2

v = 6dp-11 >

=0 =—Q'/2

j2mg'n/K ¢(m
e f/l,,

and the serial feedback filtéfn; v] to haveL”’ +1 TV taps, where
the time-variation of each tap is modeled @y + 1 complex ex-
ponentials:

" Q" /2

V=3 o ST Kby,

=0 q'=—Q" /2

Assuming the data sequence and the additive noises are mutuwhere in order to feedback decisions in a causal way, we require

ally uncorrelated and white with varianeé ando2, respectively,
the data and noise covariance matrices are given by

Rx = 03dqro1 ® Ly,
Rw =ooly @ Jgry1 @ Ipia,
whereJ; is thel x I matrix defined as

N—-L'—1

Il =

n=0

6j27r(i7i’)n/K.

5. SERIAL DECISION FEEDBACK EQUALIZATION

b_grj20 =+ = bgr20 = 0. An estimate ofc[n — d] is then

computed as

M-1 L’ Q'/2

=22 >

m=01'=0q¢'=—Q’/2

e_jQWq/yl/Kf;,rnJ)/y(m) n—1]

LII Q/I/2
Z Z j2mq’ n/K .
- 6] ™ n/ bqn,l/l.’L‘[’l’L —d— l”}.
1"=1q¢"=-Q" /2

(16)

5.1. Block Representation

We adopt a Serial Decision Feedback Equalizer (SDFE), consist-Let us rewrite (16) on a block level. Using the notation introduced

ing of a serial feedforward filtef ™ [n; v] for the mth receive
antenna and a serial feedback filkgt; ], in order to find an esti-
mate ofz[n — d] (see Figure 2):

M—-1 oo

—d =" > f vy -]
— Z bln;v]E[n —d — v,

in Section 4.1, and assuming that past decisions are correct, an
estimate ofk, is now obtained as

M—-1
%[ = > ™Myt _p"PX
m=0
=fTY - b"PX = tTHX - b"PX + W, (17)

whereb is the (L” 4+ 1)(Q"” + 1) x 1 vector given byb =

[bQ”/Q,L”a . -7bQ”/2,1a .- 'abl,labO,L”7 .- '7b0,1707 b*l,L”a (RN



b_1,17 ey b,Q///QYl]T andP is the((Q” —+ 1)LN —+ 1) X (Q +
Q'+ 1)(L + L' 4+ 1) selection matrix given by

IQ///2 X P1
P := |0axp P Oaxg| ,
Igr; @ Py

with o := (Q" + 1)L + 1,8 = (Q+Q — Q") (L + L' +
1)/2, Py := [0y (itr/—17—a), L7, Oni s (a+n)], andPy o=
(0L +1)x (L4 —L7—a), LLrr41, 0L 41y xal-

5.2. Equalizer Design

Let us focus on the Minimum Mean-Square Error (MMSE) SDFE, ) .

which minimizes the MSE7 = E{||x. — %.||*}. In a similar 10 ‘ ‘ ¥ ‘ .
fashion as in Section 4.2, the MSE can be expressed as 0 5 10 15 20 25

J =t (HRxH” + Ru)f* — 2R{(b + e)"PRxH"£"} . . . .
bt e)TPRXPH(b o) (18) Fig. 3. Comparison of the SLE and the BLE in doubly-selective

channels folMl =1, 2.

whereeisthe((Q"” +1)L"” +1) x 1 unit vector with a 1 in position
Q"L"/2+ L" + 1. SolvingdJ /of = 0, we obtain

fivse = (b+e) ' PRxHY (HRxH” +Rw)™ ' (19) is due to the fact that we consider 5 clusters. We fit the BEM FIR to
_ T Hoas—1 N 1la Has—1 the true channel over a time window &fT" = 2007, and use the
=(b+e) P(H"Ry H+Rx) H Ry, (20) obtained channel model parameters to design the equalizer. As al-

where the second equality is again obtained by using the matrix¢ady mentioned, wheNT' < 1/(2fmax), which is the case here,

inversion lemma. Next, substituting (19) in (18) results after some a0 accurate channel model can be obtained by taigng 2. To

calculation into satisfyQ/(2KT) =~ fmax = 1/(400T"), we then takd< = 400.
First, we compare the SLE with the Block Linear Equalizer
J=m+e) " Rumse(b+e), (BLE). The BLE we adopt here is similar to the one developed for

P e ) TIV channels (see [13, 7]). For the SLE, we considér= 7,
whereRyvse = P(H" Ry, H+R )™ P7. SolvingdJ /0b = ¢ = (L 4 L')/2 = 5, andQ’ = 6. Performance results for

0 under the constraint that b = 0, we finally obtain M = 1,2 are plotted in Figure 3. We observe that the BLE and
1 the SLE have a comparable performance, exceptMor= 1 at
bumsy = —MMSE® o high SNR. This is due to the fact that faf = 1 there exsits a
e"Ry/\spe zero-forcing BLE whereas there exists no zero-forcing SLE.

Next, we compare the SDFE with the block decision feedback

To summarize, we have equalizer (BDFE). The BDFE we adopt here is similar to the one

L om = bLMSEP(HHR;VLH + R}l)*lHHR;V17 dgveloPed for TIV channels (see [14, 7]). For the SDFE, we con-
ey e en siderl.’ =7, d=(L+L')/2=5L"=L+L —d=5,
Ryumse =P(H "Ry H+Ryx)" P7, Q' = 6,andQ” = (Q + Q')/2 = 4. Performance results for
e M = 1,2 are plotted in Figure 4. We observe that the BDFE and
bumse = —— 57— —e. the SDFE have a comparable performance, forihgt any SNR.

e R;wlMSEe ; fati
Let us also focus on complexity for a moment. We can distin-

guish between design complexity and implementation complex-
ity. The design complexity is the computational cost to design the
equalizer, whereas the implementation complexity is the computa-
tional cost to equalize the channel once the equalizer has been de-
signed. To compute the BLE (BDFE), we basically n€¥dN —
L)?) flops, where( N — L)? = 7,645, 400 for this example. On
the other hand, to compute the SLE (SDFE), we basically need
O(Q+Q +1)*(L+L'+1)?) flops, wherd Q+Q’4+1)3(L+L'+
1)® & 970, 300 for this example. Hence, the design complexity of
the SLE (SDFE) is clearly smaller than the design complexity of
the BLE (BDFE). A similar observation holds for the implementa-
0 tion complexity, expressed in the number of Multiply-Add (MA)
G = %77 /100 and £ = cos(62) funax, whered ") and operations. The BLE require§ (N — L) = 39,400 MA opera-
#°) are uniformly distributed ovel0, 27). We use QPSK mod-  tions per receive antenna, withanexttd— L)(N —L—1)/2 =
ulation. We assume the data sequence and the additive noises are9, 306 MA operations for the BDFE, whereas the SLE requires
mutually uncorrelated and white. The SNR is definedasRk = (N —L)Q" +1)(L' + 1) = 10,808 MA operations per receive
5/02, whereo? is the variance of the additive noise. The fadgior ~ antenna, with an extraV — L')(Q"” + 1)L" = 4,825 MA op-

6. SSIMULATION RESULTS

In this section, we show a comparison between serial equaliza-
tion and block equalization. Note that for block equalization we
assume zero-padding based block transmission [15]. We gener
ate M (M = 1,2) channels consisting of 5 clusters with delays
-T, =T/2, 0, T/2, andT. Assuming thatg,(t) and grec(t)

are rectangular functions ové, 7') with height1/T", and thus
P(t) = grec(t) * gu(t) is a triangular function ovej0, 27°) with
height 1, we can thus assume tHat= 2. The complex gain
and frequency offset of theth ray of thecth cluster are given by



Fig. 4. Comparison of the SDFE and the BDFE in doubly-selective

channels folM =1, 2.

erations for the SDFE. One could argue that for a smaller block
size N, the difference in complexity would disappear, but then the

block size would not be large enough such that blind channel es-
timation performs reasonably or the overhead of the training sym-

(3]
(4]

(5]

(6]

(7]

(8]
9]

bols for training based channel estimation does not decrease the

data transmission rate too much.

Note that in contrast to the results presented in [9, 2, 1], we

(10]

do not see a BER performance saturation at high SNR due to a

modeling error. The reason for this is that the modeling error of
the BEM FIR has been significantly reduced by fitting the BEM

FIR to the true doubly-selective channel over a time-wind®W,,

that is independent of the frequency-resolution of the BEM FIR,

1/(KT).

7. CONCLUSIONS

In this paper, we have proposed a novel serial equalization ap-
proach for doubly-selective channels, for which we have adopted
a BEM FIR to model the doubly-selective channel and to design
the serial equalizer. Both the SLE and the SDFE have been dis-

(11]

(12]

(13]

cussed. Simulation results have shown that the performance of the

SLE is comparable with the performance of the BLE, except for a
single receive antenna at high SNR. They have further shown that

the performance of the SDFE is comparable with the performance[14]

of the BDFE, for any number of receive antennas at any SNR.
On the other hand, the design and the implementation complexity
of the SLE (SDFE) are generally smaller than the corresponding

complexities of the BLE (BDFE).
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